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We discuss the phase structure of the four-dimensional compact U(1) gauge theory at finite
temperature using a deformation of the topological model. Its phase structure can be determined
by the behavior of the Coulomb gas (CG) system on the cylinder. We utilize the relation between the
CG system and the sine-Gordon (SG) model, and investigate the phase structure of the gauge theory
in terms of the SG model. Especially, the critical-line equation of the gauge theory in the strong-
coupling and high-temperature region is obtained by calculating the one-loop effective potential of
the SG model.
PACS numbers: 11.10.Wx 12.38.Aw 12.38.Lg
I. INTRODUCTION
Recently the scenario of treating a gauge theory as
a deformation of the topological model has been pro-
posed by several authors [1, 2, 3]. The motivation of this
scenario is to investigate the confinement and the phase
structure at zero temperature or finite temperature. In
particular, we can calculate the expectation value of the
Wilson loop (at zero temperature) or Polyakov loop (at
finite temperature) by considering the topological model
and so derive the linear potential, which means the quark
confinement [4]. The Parisi-Sourlas (PS) dimensional
reduction [5] is very powerful to study the topological
model. This scenario can be also applied to a compact
U(1) gauge theory. It is quite related to QCD by the
use of the Abelian projection, which is a partially gauge
fixing method [6, 7]. In the case of the compact U(1)
gauge theory the topological model becomes the two-
dimensional O(2) nonlinear sigma model (NLSM2) and
we can show that the confining phase exists in the strong-
coupling region at zero temperature and finite tempera-
ture [8, 9].
In the case of zero temperature, the confining-
deconfining phase transition of the compact U(1) gauge
theory can be described by the Berezinskii-Kosterlitz-
Thouless (BKT) phase transition [10] in the O(2) NLSM2
[8]. It is well known that the O(2) NLSM2 has vortex
solutions and is equivalent to several models, such as
the Coulomb gas (CG) system, sine-Gordon (SG) model
and massive Thirring (MT) model. In the compact U(1)
gauge theory the confining phase exists at the strong-
coupling region due to the effect of the vortex solution,
which induces the linear potential between the static
charged test particles. The confining phase transition
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corresponds to the BKT phase transition in the CG sys-
tem [10], or the Coleman transition in the SG model
[11]. The CG system has a phase transition from a dipole
phase to a plasma phase. The quantum SG model un-
dergoes a phase transition from a stable vacuum to an
unstable vacuum at the certain critical coupling. Both
phase transitions are intimately connected through the
equivalence between the CG system and the SG model.
In our previous papers [9, 12], we have investigated
the phase structure of the compact U(1) gauge theory at
finite temperature from the viewpoint of the behavior of
the CG system on the cylinder. In particular, we could
study its strong-coupling and high-temperature region by
using the behavior of the one-dimensional CG system
[13]. This result is consistent with the prediction in Ref.
[14].
In this paper we would like to investigate the phase
structure of the compact U(1) gauge theory at finite tem-
perature more quantitatively from the different aspect.
We investigate its phase structure from the viewpoint of
the SG model by the use of relationship the CG system
and the SG model. The one-loop effective potential of
the SG model enables us to investigate the phase struc-
ture of the gauge theory at the high-temperature and
strong-coupling region. Especially, we can evaluate the
critical-line equation.
Our paper is organized as follows. Section II is devoted
to a review of a deformation of a topological model. In
Sec. III we discuss the equivalence between the thermal
SG model and the CG system on the cylinder. In Sec.
IV the one-loop effective potential of the SG model is
discussed. Especially, the critical-line equation of the SG
model can be obtained. We can evaluate the critical-
line equation of the compact U(1) gauge theory at finite
temperature from this result. Section V is devoted to the
conclusion and discussion.
2II. COMPACT U(1) GAUGE THEORY AS A
DEFORMATION OF A TOPOLOGICAL MODEL
In this section we introduce the method of the de-
composition of the compact U(1) gauge theory into the
perturbative deformation part and the topological model
part [topological quantum field theory (TQFT) sector].
The perturbative deformation part is topologically trivial
but the TQFT sector is nontrivial. The TQFT sector has
the information of the topological objects such as vortices
and monopoles, which are assumed to play an important
role in the confinement or phase transition. The dynam-
ics of the confinement is encoded in the TQFT sector.
Therefore we can derive the linear potential by analyz-
ing the TQFT sector through the PS dimensional reduc-
tion [5], which reduces the four-dimensional TQFT sec-
tor to the two-dimensional O(2) NLSM2. If we consider
the finite-temperature system then the two-dimensional
space on which the reduced theory lives is the cylinder.
A. Setup
The action of the (compact) U(1) gauge theory on the
(3+1)-dimensional Minkowski space-time is given by
SU(1) = −
1
4
∫
d4xFµν [A]F
µν [A], (1)
Fµν [A] = ∂µAν − ∂νAµ. (2)
The partition function is given by
ZU(1) =
∫
[dAµ][dC][dC¯ ][dB] exp
(
iSU(1) + iSJ
)
, (3)
SJ =
∫
d4x
(
JµAµ + JcC + JC¯C¯ + JBB
)
. (4)
Here we use the Becchi-Rouet-Stora-Tyutin (BRST)
quantization. Incorporating the (anti-) Faddeev-Popov
(FP) ghost field C(C¯) and the auxiliary field B, we can
construct the BRST transformation δB,
δBAµ = ∂µC, δBC = 0,
δBC¯ = iB, δBB = 0. (5)
The gauge fixing term can be constructed from the BRST
transformation δB as
SGF+FP = −iδB
∫
d4xGGF+FP[Aµ, C, C¯, B], (6)
and GGF+FP is chosen as
GGF+FP = δ¯B
[
1
2
AµA
µ + iCC¯
]
, (7)
where δ¯B is the anti-BRST transformation, which is de-
fined by
δ¯BAµ = ∂µC¯, δ¯BC = iB¯,
δ¯BC¯ = 0, δ¯BB¯ = 0, B + B¯ = 0. (8)
The above gauge fixing condition (7) is convenient to
investigate the TQFT sector.
We decompose the gauge field as
Aµ(x) = Vµ(x) + Ωµ(x) (≡ V Uµ ),
Ωµ(x) ≡ i
g
U(x)∂µU
†(x), (9)
where the g is the gauge coupling constant. Using the
Faddeev-Popov determinant ∆FP[A] we obtain the fol-
lowing unity
1 = ∆FP
∫
[dU ]
∏
x
δ
(
∂µAU
−1
µ
)
= ∆FP[A
U−1 ]
∫
[dU ]
∏
x
δ
(
∂µAU
−1
µ
)
= ∆FP
∫
[dU ]
∏
x
δ (∂µVµ)
=
∫
[dU ][dγ][dγ¯][dβ] exp
[
i
∫
d4x (β∂µVµ + iγ¯∂
µ∂µγ)
]
≡
∫
[dU ][dγ][dγ¯][dβ] exp
[
i
∫
d4x
(
−iδ˜BG˜GF+FP[Vµ, γ, γ¯, β]
)]
, (10)
where we have defined the new BRST transformation δ˜B as
δ˜BVµ = ∂µγ, δ˜Bγ = 0,
δ˜Bγ¯ = iβ, δ˜Bβ = 0. (11)
3When Eq. (10) is inserted, the partition function can be rewritten as follows,
ZU(1)[J ] =
∫
[dU ][dC][dC¯][dB] exp(iSTQFT[Ωµ, C, C¯, B] + iW [U ; J ] + J
µΩµ + JCC + JC¯C¯ + JBB), (12)
STQFT ≡ −iδBδ¯B
∫
d4x
[
1
2
Ω2µ + iCC¯
]
, (13)
where
eiW [U ;J] ≡
∫
[dVµ][dγ][dγ¯][dβ] exp
(
iSpU(1)[Vµ, γ, γ¯, β] + i
∫
d4xVµJ µ
)
, (14)
SpU(1)[Vµ, γ, γ¯, β] =
∫
d4x
(
−1
4
Fµν [V ]F
µν [V ]− iδ˜BG˜GF+FP[Vµ, γ, γ¯, β]
)
, (15)
Jµ ≡ Jµ + iδBδ¯BΩµ.
The action (15) describes the perturbative deformation
part [24]. The action STQFT is δB-exact and describes
the topological model, which contains the information of
the confinement.
In what follows we are interested in the finite tem-
perature system (i.e., the system coupled to the thermal
bath). Therefore we have to perform the Wick rotation of
the time axis and move from the Minkowski formulation
to the Euclidean one.
B. Expectation values
We can define the expectation value in each sector us-
ing the action SpU(1) and STQFT. The expectation value
of the Wilson loop or Polyakov loop is an important quan-
tity to study the confinement. In the case of the Wilson
loop WC , the following relation:
〈WC [A]〉U(1) = 〈WC [Ω]〈WC [V ]〉pU(1)〉TQFT
= 〈WC [Ω]〉TQFT〈WC [V ]〉pU(1) (16)
is satisfied [8]. The contour C is rectangular as shown in
Fig. 1. The Wilson loop expectation value is completely
separated into the TQFT sector and the perturbative de-
formation part. That is, we can evaluate the expectation
value in the TQFT sector independently of the perturba-
tive deformation part. In fact, we can derive the linear
potential by investigating the TQFT sector.
At finite temperature we must evaluate the correlator
of the Polyakov loops P (x). It can be evaluated in the
same way as the Wilson loop, due to the following rela-
tion (as shown in Fig. 2)
〈P (x)P †(0)〉U(1) = 〈WC〉U(1). (17)
Furthermore, we can derive the Coulomb potential (at
zero temperature) [8] or Yukawa-type potential (at finite
temperature) using the hard thermal loop approximation
[9] from the perturbative deformation part.
R
T
Contour   C
(Imaginary time direction)
FIG. 1: The rectangular Wilson loop. This includes the
imaginary time axis in order to study the confinement.
C. TQFT sector and PS dimensional reduction
When the gauge group is the compact U(1) the TQFT
sector becomes the O(2) NLSM2 through the PS dimen-
sional reduction [5]. The four-dimensional TQFT sector
action
STQFT = δBδ¯B
∫
d4x
[
1
2
Ω2µ + iCC¯
]
(18)
can be rewritten as the O(2) NLSM2 on the two-
dimensional space,
STQFT = pi
∫
d2x Ω2µ(x)
=
pi
g2
∫
d2x∂µU(x)∂µU
†(x),
Ωµ ≡ i
g
U(x)∂µU(x)
†,
where we have omitted the ghost term. When we write
the gauge group element as U(x) = eiϕ(x), we obtain
STQFT =
pi
g2
∫
d2x∂µϕ(x)∂µϕ(x). (19)
4 Wilson loop
T
R
This part is cancelled.
Correlator of Polyakov loops
A(C) = RTArea
W P P
i
i
FIG. 2: The correlator of Polyakov loops. The expectation value of a Wilson loop W is equivalent to a correlator of the
Polyakov loops P and P †.
sine-Gordon model
at zero temperature
TQFT sector
Coulomb gas
on a 2-plane
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O(2) NLSM
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at finite temperature
Coulomb gas
on a cylinder
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O(2) NLSM 
on a cylinder
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zero temperature finite temperature
FIG. 3: The TQFT sector is equivalent to the two-
dimensional theory through the PS dimensional reduction.
When the gauge group is the compact U(1) it becomes the
O(2) NLSM2. The two-dimensional space is a 2-plane (at zero
temperature) or a cylinder (at finite temperature). It is well
known that it is equivalent to the several model.
If the gauge group U(1) is not compact, then the TQFT
sector becomes the ordinary free scalar field theory on
the two-dimensional space, which has no topological ob-
ject. So the confining phase cannot exist. If the U(1) is
compact, the theory described by the action (19) is the
periodic boson theory. The angle variable ϕ(x) is peri-
odic (mod 2pi), and so ϕ(x) is a compact variable. It is
well known that the compactness plays an important role
in the confinement [15]. If we consider the system at fi-
nite (zero) temperature, then the dimensionally reduced
theory lives on the cylinder (2-plane).
We should remark here that the compactness also leads
to monopole configurations in the original gauge theory,
which is assumed to play an important role in the con-
finement. On the other hand, the reduced theory has
vortex solutions due to the compactness of U(1). It is
quite natural that the two configuration above are inti-
mately connected, as suggested in Ref. [8]. Therefore we
can include the monopole effect from the reduced theory
and obtain the physical quantity such as a string tension
through this sector which includes the unphysical degrees
of freedom only.
The O(2) NLSM2 is equivalent to the CG system as
shown in Fig. 3. The partition function of the CG system
is given by
ZCG =
∞∑
n=0
ζ2n
(n!)2
n∏
i=1
∫
d2xid
2yi exp
(
− (2pi)
3
g2
[∑
i<j
[∆(xi − xj) + ∆(yi − yj)]−
∑
i,j
∆(xi − yj)
])
, (20)
where ζ ≡ exp(−Sself) is the chemical potential of the
CG system [25] and can be written in terms of the self-
energy part of a vortex Sself . This quantity ζ does not
depend on the physical temperature T in the original the-
ory. The ∆(xi − xj) expresses the Coulomb potential on
the 2-plane (at zero temperature) or on the cylinder (at
finite temperature). The temperature of the CG system
is defined by
TCG ≡ g
2
8pi3
. (21)
The linear potential between the test charged particles
is induced by the effect of the vortices. The expectation
value of the Wilson loop (Polyakov loops’ correlator) is
5Dipole phase Plasma phase with Debye screening
Dipole dissociate
Critical temperature
Phase structure of 2D coulomb gas
1/8pi TCG
FIG. 4: Two-dimensional Coulomb gas has two different
phases. Over the critical temperature TCG = 1/8pi, the sys-
tem is the plasma phase with Debye screening, and so the
mass gap exists. Below the TCG it is the dipole phase, in
which Coulomb charges form dipoles. The system has a long-
range correlation and no mass gap.
obtained as follows (for details, see Ref. [8]):
〈P (x)P †(0)〉U(1) = 〈WC [Ω]〉 ∼= e−σA, (22)
σ =
(
2pi
q
g
)2
ζ, (23)
where A = RTi, R = |x| and q is a charge of the test par-
ticles. It is significant that the expression of the string
tension (23) does not depend on the temperature explic-
itly, but on the behavior of the CG system. Whether the
string tension remains or vanishes is determined only by
the behavior of the CG system which consists of vortices.
Thermal effect changes the behavior of the topological
objects. The change is reflected to the linear potential.
We also note that the string tension σ is proportional to
ζ. The ζ → 0 limit implies that the self-energy of the
vortex is infinity and we fail to include the effect of the
vortex. Therefore the confining phase also vanishes in
the limit ζ → 0 as is expected.
In our previous paper [9] we have investigated the
phase structure of the compact U(1) gauge theory at fi-
nite temperature using the behavior of the CG system
on the cylinder. The behavior of the CG system on the
2-plane is shown in Fig. 4. The behavior of the CG sys-
tem on the cylinder would be analogous. We expect that
the system undergoes the BKT-like phase transition. In
fact, the CG system causes the BKT-like phase transi-
tion in the high-temperature region that it behaves as
the one-dimensional system.
III. EQUIVALENCE BETWEEN SG MODEL
AND CG SYSTEM
The action of the SG model on the 2-plane (at zero
temperature) or the cylinder (at finite temperature) is
defined by
SSG =
∫
d2x
{
1
2
(∂µφ)
2 − m
4
λ
[
cos
(√
λ
m
φ
)
− 1
]}
.
(24)
The partition function is given by
ZSG =
∫
[dφ] exp (−SSG) . (25)
This can be rewritten as follows:
ZSG = e
−(m4/λ) ∫ d2x ∞∑
n=0
1
n!
(
m4
λ
)n ∫
[dφ]e−
∫
d2x(1/2)(∂µφ)
2
[∫
d2x cos
(√
λ
m
φ
)]n
= e−(m
4/λ)
∫
d2x
∞∑
n=0
1
2n!
(
m4
2λ
)2n ∫
[dφ]e−
∫
d2x(1/2)(∂µφ)
2
[∫
d2x
(
ei(
√
λ/m)φ + e−i(
√
λ/m)φ
)]2n
= e−(m
4/λ)
∫
d2x
∞∑
n=0
1
(n!)2
(
m4
2λ
)2n ∫
[dφ]e−
∫
d2x(1/2)(∂µφ)
2
n∏
i=1
∫
d2xid
2yie
i(
√
λ/m)[φ(xi)−φ(yi)].
Here, we note that
〈
e
∫
d2xJφ
〉
SG
≡
∫
[dφ] exp
[∫
d2x
(
−1
2
(∂µφ)
2
+ Jφ
)]
= exp
[∫
d2xd2yJ(x)∆(x − y)J(y)
]
, (26)
where ∆(x− y) is the massless scalar field propagator,
∆(x− y) ≡
∫
d2p
(2pi)2
eip·(x−y)
p2
. (27)
In particular, if we choose the external field as
J(x) = i
√
λ
m
n∑
i=1
qiδ(x− xi), (28)
6then we obtain
〈
n∏
i=1
e
∫
d2xiqiφ(xi)
〉
SG
=
{
exp
[
− λ2m2
∑
j,k qjqk∆(xj − xk)
]
for
∑n
i=1 qi = 0,
0 for
∑n
i=1 qi 6= 0.
(29)
If the net charge is not zero then the correlation function
vanishes because of the symmetry under the transforma-
tion
φ(x) −→ φ(x) + const.
By the use of Eq. (26), we obtain the following expression
of the partition function,
ZSG ∼
∞∑
n=0
1
(n!)2
(
m4
2λ
)2n n∏
i
∫
d2xid
2yi exp
(
− λ
m2
(∑
i<j
[∆(xi − xj) + ∆(yi − yj)]−
∑
i,j
∆(xi − yj)
))
. (30)
The factor e−(m
4/λ)
∫
d2x can be ignored because of the
normalization of the partition function. Thus we obtain
the partition function of the neutral CG system, whose
temperature is defined by
TCG = m
2/λ. (31)
This is equivalent to Eq. (21). The phase transition in
the SG model at the critical coupling, i.e., the Coleman
transition, corresponds to the BKT phase transition in
the CG system.
The equivalence holds on the cylinder (i.e., in the
finite-temperature case). In this time, Eq. (27) is re-
placed with the propagator on the cylinder,
∆(x− y) ∼ − 1
2pi
+∞∑
n=−∞
ln
[
µ
√
(x0 − y0 − nβ)2 + (x1 − y1)2
]
= − 1
2pi
ln
[
µβ
√
cosh
(
2pi
β
(x1 − y1)
)
− cos
(
2pi
β
(x0 − y0)
)]
. (32)
Here µ is the infrared cutoff and β is the inverse of
the physical temperature T . We remark that the SG
model has the physical temperature in common with the
original gauge theory. It is because the cylinder is cho-
sen as the two-dimensional space when we use the PS
dimensional reduction. If we use the complex coordi-
nates w = x1 + ix0, w¯ = x1 − ix0, w′ = y1 + iy0, and
w¯′ = y1 − iy0, then Eq. (32) is rewritten as
∆(x − y) = − 1
4pi
ln
∣∣∣e(2pi/β)w − e(2pi/β)w′∣∣∣2 + 1
2β
Re(w + w′)− 1
4pi
ln
(
1
2
(µβ)2
)
. (33)
The propagator above involves the divergent term in the
limit µ→ 0, but this is removed by the neutral condition
∑
i qi = 0 [see Eq. (29)].
7The parameters of the CG system in the previous sec-
tion, g and ζ, can be related to those of the SG model,
mass m and the coupling constant λ. This relation is
given by
λ =
128pi6ζ
g4
, m =
4pi3/2ζ1/2
g
. (34)
Recall that the string tension σ ∼ ζ vanishes as σ →
0 and the confining phase disappears. We should note
that ζ → 0 means m → 0 and λ → 0. That is, the
SG model becomes free scalar field theory in this limit.
This result is consistent with the disappearance of the
confining phase.
IV. ONE-LOOP EFFECTIVE POTENTIAL OF
SG MODEL AT FINITE TEMPERATURE
It is well known that the SG model at zero tempera-
ture undergoes the phase transition at certain coupling,
which is called the Coleman transition [11]. The critical
coupling is λ/m2 = 8pi, at which the quantum SG model
undergoes a phase transition from a stable vacuum to
an unstable vacuum. Moreover, the existence of a phase
transition due to the thermal effect has been shown in
Ref. [16]. This transition would correspond to the BKT-
like transition of the CG system. Thus we can investigate
the phase structure of the compact U(1) gauge theory at
finite temperature, at least in the region where we can
investigate the SG model reliably. In particular, we can
read off from Eq. (34) that the weak-coupling region
of the SG model corresponds to the strong-coupling re-
gion of the gauge theory. That is, we can investigate the
phase structure of the gauge theory with the strong cou-
pling from the perturbative study of the SG model. This
is the advantage of our method.
We will discuss the one-loop effective action of the two-
dimensional SG model at finite temperature [16]. The
effective potential is given by
V1loop(φc) = V0(φc) + VFT(φc), (35)
V0(φc) ≡ m
2
8pi
cos
(√
λφc/m
) [
1− ln cos
(√
λφc/m
)]
, (36)
VFT(φc) ≡ 1
piβ2
∫ ∞
0
dx ln
[
1− exp
(
−
√
x2 +M2(φc)β2
)]
, (37)
M2(φc) ≡ m2 cos
(√
λφc/m
)
. (38)
The second equation (36) is the temperature-independent
part, and the third equation (37) is the temperature-
dependent part which vanishes in the zero-temperature
limit β →∞ . Also, the minimum of the potential φc = 0
is still stable under one-loop quantum fluctuations at zero
temperature. Taking the second derivative of Eq. (35)
with respect to φc at φc = 0, we can evaluate a critical-
line equation [17] as
m2(β) = m2 +
∂2VFT
∂φ2c
(φc = 0)
= m2 −m2 λ¯
2pi
f(β¯) = 0, (39)
where λ¯ ≡ λ/m2, β¯ ≡ βm, and f(β¯) is defined by
f(β¯) ≡
∫ ∞
0
dx
1√
β¯2 + x2
[
exp
(√
β¯2 + x2
)
− 1
] . (40)
That is, the critical-line equation is given by
1− λ¯
2pi
f(β¯) = 0. (41)
Note that the parameters of the SG model can be re-
placed with the ones of the compact U(1) gauge theory
using the relation (34). As the result, we obtain the re-
lation
β¯ =
4pi3/2ζ1/2
gT
, λ¯ =
8pi3
g2
. (42)
Thus the critical-line equation can be rewritten as fol-
lows,
1− 4pi
2
g2
f
(
4pi3/2ζ1/2
gT
)
= 0. (43)
The numerical solutions of this equation at various fixed
values of ζ are shown in Fig. 5.
In particular, we can derive the simple relation between
λ and T in the weak-coupling and high-temperature limit
of Eq. (41). The critical temperature Tc is given by
Tc =
4m3
λ
. (44)
Equations.(34) and (44) lead to
Tc =
2ζ1/2
pi3/2
g. (45)
80 50 100 150 200
g
0
10
20
30
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ζ=1
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Coulomb
Confining
FIG. 5: The phase structure of the compact U(1) gauge the-
ory obtained by the one-loop effective potential calculation in
the SG model. The critical-line Eq. (43) can be numerically
solved. The asymptotic line Eq. (45) is also drawn with the
dashed line. The above graph shows that the confining phase
vanishes in ζ → 0 limit. However, the result in the small g
region is not valid. It is because the small g means the large
λ and the one-loop approximation in the SG model is not
reliable.
Equation (45) is drawn as the dashed line in Fig. 5. Note
again that the weak-coupling and high-temperature re-
gion in the SG model corresponds to the strong-coupling
and high-temperature region in the compact U(1) gauge
theory. The compact gauge theory is related to the SG
model by a kind of S-duality in our scenario. Thus we
can reliably investigate the strong-coupling region of the
gauge theory since the one-loop effective potential is ap-
propriate in the weak-coupling region.
In conclusion, we have obtained that the critical tem-
perature is proportional to the coupling constant of the
compact U(1) gauge theory in the strong-coupling and
high-temperature region. This result is in good agree-
ment with the prediction in Ref. [14]. In the ζ → 0 limit
the gradient in Eq. (45) goes to zero. This fact implies
that the confining phase disappears.
Comment on the effective potential calculation. Our
discussion in this section is closely analogous to Ref. [2]
in which the critical temperature has been estimated by
the calculation of the one-loop effective potential in the
TQFT sector. In the above discussion we have calcu-
lated the one-loop effective potential in the SG model.
If we naively calculate the effective potential in the O(2)
NLSM2 then we cannot obtain the phase structure [2, 12].
Note that the O(2) NLSM2 is equivalent to the SG model
when we consider vortex solutions. If we calculate the ef-
fective potential in the O(2) NLSM2 we cannot include
the effect of the vortex solution. However, once we go
from the O(2) NLSM2 to the SG model, we can include
the effect of the vortex solution in terms of the cosine-
type potential. Therefore the phase structure that we
have obtained in the SG model is not equivalent to the
Coulomb
Confining
g
T
FIG. 6: Phase structure of the compact U(1) gauge theory
predicted in Ref. [14]. In the above discussion using the one-
loop effective potential of the SG model we could study the
region enclosed by the dashed line, in which we can especially
obtain the critical-line equation. Moreover, we might investi-
gate the region enclosed by the solid line. It is well known that
this region is neatly described by the Gaussian effective po-
tential (GEP), which is a nonperturbative method and should
include the physics beyond the one-loop level.
result in the O(2) NLSM2. Moreover, the SG model is a
massive theory and the Coleman-Mermin-Wagner theo-
rem [18] is not an obstacle.
V. CONCLUSION AND DISCUSSION
We have discussed the phase structure of the compact
U(1) gauge theory at finite temperature by using a defor-
mation of the topological model. The compactness of the
gauge group leads to a confining phase. In the case of zero
temperature, the phase transition of the gauge theory at
certain coupling can be described by the Coleman tran-
sition in the SG model. In the finite temperature case
we could investigate the phase structure at sufficiently
high-temperature and very strong-coupling region by an-
alyzing the one-loop effective potential of the SG model.
We could consider the enclosed region by the dashed line
in Fig. 6. In this paper we have used the one-loop effec-
tive potential, but we can also use the Gaussian effective
potential (GEP) [19], which is known as the nonpertur-
bative method. For the SG model at zero temperature
this is given by the following expression:
VGEP = m
2 1− λ¯/8pi
λ¯
[
1− (cos
√
λ¯φ)1/(1−λ¯/8pi)
]
, (46)
where λ¯ = λ/m2. That is, as the coupling constant of
the SG model λ¯ → 8pi the GEP becomes a straight line
continuously. If λ¯ exceeds λ¯c = 8pi, which is the tran-
sition point of the Coleman transition, then the GEP
has the maximum and the system has no ground state.
The GEP can describe the Coleman transition at zero
temperature [20, 21], which cannot be described by the
9one-loop effective potential. Since the GEP does not de-
pend on the perturbation theory it might be appropri-
ate to investigate the phase structure at weak-coupling
and low-temperature region in the gauge theory (i.e., the
strong-coupling and low-temperature region in the SG
model) which corresponds to the enclosed region by the
solid line in Fig. 6. This work is very interesting and will
be discussed in another place [22].
We should comment on the well-known results in the
compact Abelian lattice gauge theory. This theory at
zero temperature experiences the phase transition of the
weak first or strong second order. Unfortunately, our re-
sults suggest that at high temperatures the phase transi-
tion is of the BKT type, and do not seem to correspond
to the lattice results. Our formalism deeply depends on
the BKT phase transition, and so it seems difficult to
predict the order of the transition obtained in the lattice
gauge theory.
It is also attractive to approach the phase structure
from the viewpoint of the massive Thirring model [23].
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